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The Kadomtsev-Nedospasov theory of helical instability of a gaseous plasma has been ap-

plied to semiconductors by several authors.

We have extended this theory to include the force

arising from a self-induced magnetic field. Such a force pulls the plasma to the center. He-
lical instability is due to the flux of charged particles to or from the surface, and thus depends
on the surface conditions. We have treated the effect of the self-induced field as a small
perturbation on this surface effect. It is predicted that the stability increases or decreases

if the flux due to the self-induced field adds or substracts from the flux due to boundary con-

ditions.

INTRODUCTION

The onset of current oscillations!™* in semicon-
ductors placed in parallel electric and magnetic
fields is in some cases due to helical instabilities
set up in the material. The theory of helical in-

stability was first presented by Kadomtsev and
Nedospasov.® The original Kadomtsev-Nedos-
pasov paper is on gaseous plasma. Their ideas
have been applied to plasma in semiconductors by
several authors.®”® One solves the problem of
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two fluids moving through each other. The hydro-
dynamic equations describing the positive and the
negative fluids connect the forces acting on the
fluids with the fluxes they produce.

The present paper differs from the work of other
authors by including the forces arising from the
self-induced magnetic field in the hydrodynamic
equations. Furthermore, we assume that the re-
combination properties of the material in the vol-
ume differ from those of the surface; and we use
different parameters to describe their rates of
recombination. It is shown that if these parame-
ters are equal, no instabilities can occur.

CALCULATIONS

We assume an intrinsic semiconductor, i.e.,
the total number of free electrons and holes are
equal. The free electrons (holes) behave as a
nondegenerate gas. In the presence of external
field, the densities of electrons (holes) may be
functions of position and time. We assume the
density of free electrons to be equal to that of the
free holes everywhere in the sample. An internal
electric field may exist in the material, although
we neglect the existence of space charge. This
assumption of quasineutrality is reasonable, for
only small differences in the densities can pro-
duce very strong internal electric fields.

Denoting by + quantities associated with the
holes and electrons, we have the two fluid equa-
tions

T,+D,VnspnEsp,T.,xB=0, (1)
and the equations of continuity

am-m+

s+ Ve Tu=— (0-M, (2)

where 7 is the number density of free electrons
or holes, and f* are the particle fluxes (i.e.,
I',=nv,), nv, are the drift velocities, D,=p kT,/e
are the Einstein diffusion constants, u, are the
mobilities, and Z‘.* are _Ehe temperatures of holes
and electrons. E and B are the actual (external
and internal) electric and magnetic fields. 1/£ is
the mean bulk lifetime for excess carriers, and
7 is the density at which no net recombinations or
generations take place. # may be a function of
external electric fields and is roughly of the order
of the average density of charged particles in the
sample. The continuity equation can only assume
the form of Eq. (2) in the special case when the
recombinations and regenerations are monomolec-
ular. The validity of such a form may depend

on the material. In Eq. (1) we assume that the
fluxes are in equilibrium with the instantaneous
values of the forces. This is a good approxima-
tion as long as we investigate processes that are

slower than 1/7.,where 7,= u,m,/e are the mean
times between successive collisions with the lat-
tice of electrons and holes.

Collisions of free electrons and holes with the
lattice vibrations alone are considered, and colli-
sions between__electrons and holes are neglected.
We solve for I', from Eq. (1) and substitute it in
(2); we thus have

v. [ui-Diﬁ(Vn . §)¥pip;n§(§o §)+D;Vn
FD/pu, (BXVn)FuinE+p, pin (BXE)]

=%+M—m£. (3)

Here we have D;=D¢/(1+M;B(2]z) and U¢'=H¢_/

(1+p2B%,). For a sample in the shape of a
fcylinder, we use cylindrical coordinates with the z
axis along the direction of applied electric field EOz
and magnetic field By,. In addition to external
magnetic field, an internal magnetic field B (7)
will be induced,

17 ’ rogo
B,n)=b_2( nw oy ar’, (4)
o(V) gg‘y o ") Z

where v,=v%— v} are the components of the drift
velocities. In the literature, B, () has usually
been neglected. We assume a simple form for
B, to be

Bo=ev,m,r/c?, (5)

where 7, is the average density of charges. The
above form of B, seems reasonable if v, is as-
sumed independent of position.

STEADY STATE SOLUTION

In this case, we assume 97/0t=0 and 0n/9¢
=0n/9t=0, 9E,/82=0, and E,=0. Eliminating
E,, between Egqs. (3), we have

9% /1 on _
o +<;+A7)57—(B§—2A)n+ﬁﬁn=0, 6)
plp (marp,)
where AR%= 5473~ §Eq,R?,
B, Do+ p.D,
(7)
’? ’?
2 p2 Ko+ M
——T_t—’—_’_
Aok u+’D_+u_D+ LR,
and ®=B,/R. (8)

B, is the induced magnetic field at the boundary
of the cylinder » =R, The boundary conditions are

T (R)=S[nR)-n,] . (9)

Equation (9) relates the flux at the boundary with
the surface recombination velocity S. #;is the
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density at the boundary at which surface recom-
bination does not take place. #, depends on the
nature of the surface of the material.

Neglecting the induced magnetic field, the solu-
tion of (6) is

n=Noly(By7)+7, (10)
where
S
No=—R~E" (n—ns)/

R dly(By7)
—Eg dr

S
ro R +R'g Io (BOR))‘

(11)

Including the induced magnetic field, we transform
Eq. (6) to the form

2
f;_yzzv + <-;-+Ar>g—1: - (BE-2A)N=0, (12)
where N=n-[B)/(B%~-24)]7. (13)

Treating the induced magnetic field as a pertur-
bation, we try a solution of Eq. (12) (up to first
order in $) ‘

N=No[Io(By7) +ay Iy (By7)], (14)

where a; is assumed linear in &, From the meth-
ods of perturbation, it follows that

a= (A_[(;R yzd_lﬁm Io(By7) d )

=1

<[ - f] e ar] =arte. s

Using the boundary conditions (9), we have

RF(R)=RS(n(R)—ns)=fOR(n(r)—ﬁ)ér dr .
(16)

The right-hand side of Eq. (16) merely states that
the total rate of generation over the cross section
of the sample is equal to the total rate of genera-

tion on the surface. Thus, we have

NoR%Q UR Iy (8,7)7 dm? Iy(8, R):l
Q

27R%2 [ S '1
(& -17) .
and 7 = Ny|Iy(By7)+a Iy (By7)]
+[1+(A/B)7 (18)

where a; and B, are determined from Eq. (15) and
(17), respectively.

The radial component of the internal electric
field E, in the steady state can be determined
from the condition that the radial flux of the elec-
trons and of the holes must be equal,

a

Eo,.=;i—a-;—a1’q>E0z, (19)

’ ’ ’ ’
where a=(D/-D])/(p +ul) (20)
and  a=(u.pl-p, p))/(n'+p)) .

TIME-DEPENDENT SOLUTION
Here we introduce

n=ng+ny(t) and E=Ey+E, () , (21)

where 7y and ﬁo are the steady state values of
and }_f, while #, and E, are their time-dependent
parts.

We assume a helical form for the densi_ty n, and
the electrostatic potential V; from which E, is de-
rived. Thus,
ny =f (1,) et(wh mby ke) and Vl =g(1') ei(wt», mé kz) s
(22)
‘where w is the angular frequency, m (set=+1) and
k are the wave numbers in the azimuthal and z di-
rections. We assume

F)=fody(Ke7) and g (r) =lgdy (ko?)/ny,  (23)

where f and 7 are independent of 7. ko is deter-
mined from (9). Thus,

FET kor) 7 dr = (RS/E)J, (,R) . (24)

The expressions for # and V are substituted into
Egs. (3) and the resulting equations are multiplied
by Jy(ke7) and integrated from 0 to R. The re-
sulting expressions are similar in form to those®~®
obtained neglecting the self-magneticfield and can
be written in the form

A+f0+B§ lo=0 and A_f0+B.l0=0, (25)

where it is assumed that w=w, +iw, . The condi-
tion that Eqs. (25) have a nontrivial solution is

A B.-A.B,=0. (26)

We separate Eq. (26) into its real and imaginary
parts, and obtain two equations involving w, and
Wz,
Ajwy+B1w,+Cy=0 and A,w, +Bowy+Cy=0 .
(27)

Solve for w,. Instability sets in if w, < 0. There-
fore, at the threshold, we have

A,Cy-A,C,=0. (28)

It is known that the electron’s (hole’s) tempera-
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ture and mobility are functions of the applied elec-
tric field E;, . Dependence of the electron and
hole temperature on the electric field is a well
investigated subject.® If one assumes that the
scattering is due to interaction with acoustic modes,
one obtains simple expressions10 for field-depen-
dent mobility and electron or hole temperatures.
In sufficiently strong fields, we have

Ba(Bop)=pd(Cs/nIEy, )2 (32/3m)M4 (29)

and T, (Eg,)=TY(ulE,,/C,)(31/32)}/2 (30)
where T2, p? are the temperatures and mobilities
of electrons or holes at vanishing electric fields
and C; is the velocity of sound in the medium.

If we neglect p.*Bo, in comparison with unity,
Eq. (28) has the form for Z, < 1 (keeping terms
up to Z2):

b(ko+u, ) Bog[H, (8R/By,) +H, ZY2 L H, (®R/By,) Z,
+H,Z3? tHy (3R /B,) Z%) +Hg+Hy Zy + Hy Z2> 0,

(81)

where b=Ey,R/ Nl)"z (T,+T.), Z,=k*R¥*N,,

ldng _p_ 2
no d1f —P—P1+P2AR ’
1S dly(Br) 1
and Pl__noRE(n—ns) e B (32)
1 [ 2 (R® _S\dlh(By7)
ek g (778 )

S - dl, 1
+RE(n—ns)Q;—1(,Bo‘Q]B, Q=%E2-

D ~R(S/)(1+3B3R?)+2R*(1+ 5 B3R?) .
We use the notation
(Fr) )= [ :F(V)J1 (kg7)dr/(1/R?)
%f:Jf(xor)r dr
in defining

N, <dci[ d,,,Jx(KoV)]> <%J1(K07’)>o

N2=<a%[1’P1J1(K07’)]>, Ng=(PyJy (k7)) ’(33)

N4=(1/Rz) <1’2%K01’)>, N5=E12 <"’2P1J1(K07’)>;

N6=<£j [7P2J1 (Ko"’)]> s Na=(Ppdy(ke?) ) ;

2
H1=ch4/(Nl)”2, Hy=-G4G,
Hy==(264~G5)Gy/WN)"?, Hy=Gs,
H5=(Gy-Gs)/WNy)'?,  He=GiG,
Hy=-G1(2G-G,), Hy=G+2G,; (34)

and G =1-B3R*/N;, Gi=(N;=~N,)/N,,
G3=N,/N;, Gy=Ng/N,,
G4=2+N4, Gs=2+N5 .

The equation obtained by differentiating Eq. (31)
with respect to % is

—b(p.+p,) By, [Hy+ 2Hy (BR/By,) Z3/2 + 3H, Z,
+4H;5(®R/By,) Z¥%)=2H, 2}/ 1 4H, Z}? .
(35)

Equation (35) together with Eq. (31) give the value
of k=k,. ‘

Eliminating E, between (31) and (35), we have
(3HyHy—H,Hy) Z2 + 4 (H Hy— HyHy)

X(®R/By,) Zi"* + (HyH, - 3H Hy) Z,
+2(H Hy— HyHy ) (8R/By,) Z{/* ~H,He=0 . (36)

We can calculate the angular frequency w; in the
same approximation, noting from Eq. (31) that
bu2B3, is of the order u,By, :

by (G~ Zy)?==b(u¥= u2)BE,(G}+G3+G,2,) Zz}/? |
(37)

H.+u, w, R?
pop, Ny(k/e)(T,+T.)

where b=

Thus, the frequency can be calculated when % and
E\, are determined.

DISCUSSION

Consider first the steady state solution in the
limit =0, i.e., neglect the influence of the azi-
muthal magnetic field. In this case, the solution
is given by Eq. (10). This solution is of the stan-
dard form 8 containing Bessel functions. How-
ever, the coefficient N, of I; vanishes if 7 =n, .
An examination of our solution (10) shows that the
density at » =0 increases in the steady state if
n>ng . It seems possible theoretically that one
could have # <ng, in which case there would be
decrease of density at the origin in the steady
state. Previous authors®” have imposed the
boundary condition that the density of the plasma
is zero at the boundary. There is reasonable
agreement of their theories with some of the re-
cent experiments. '!’!2 In the frame work of the
present theory, a zero density at the boundary is
achieved by requiring (n,/7) - 0 and (B/RE)~ = .
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We believe that the density at the boundary is best
approximated by 7>n, and (S/R£)>1. 7 and #n,
are the parameters that characterize the differ-
ence in the recombination properties of the bulk
and the surface. # >ng corresponds to a state of
lower density at the boundary than in the bulk.

It should be noted, that if the boundary properties
are not different from those of the bulk, i.e.,
n=ng, our solution (10) gives a constant density
n.
If +0, our solution (18) has additional terms.
These terms are due to the self-induced magnetic
field. Throughout this paper, it is assumed that
the effect of the self-induced field is small. The
density profile is now directly dependent on the
magnitude of the applied electricfield. InEq. (10),
the electric field appears indirectly through p,
and T,. We observe that the self-induced mag-
netic field always pulls plasma inward, but the
effect of the boundary produces aflux outif n <# .

Equations (31), (36), and (37) are derived on
the assumption that E, is sufficiently large so
that the use of the relations (29) and (30), and the
assumption p2B2,« 1 is valid. It is possible to
compute numerically the critical values of E, ,

k, and w, from (31), (36), and (37).

We observe from Eq. (31) that if the steady
state solution is a constant density (i. e., #=n, and
¢ =0) instability is not possible in any field; and
from Eq. (36), we note that no unique Z, exists if
the steady state is a constant.

The general forms of Eqs. (31), (36), and (37)
are similar to those derived by Glicksman.® Ex-
cept that our equations contain the influence of the

.azimuthal magnetic field, the present calculation
reveals the need for properties at the boundary to
differ from those of the bulk.

In order to get approximate values of the above
quantities, we expand the Bessel functions interms
of their arguments and keep terms up to third
power of the arguments. The approximation has
been made by Hurwitz.® We then obtain from
Eq. (36) the threshold value of Z}/2(%),

1 172 BZRZ 172
zr-(3) " (- 3%)

1L (S AR Aon) 3R (38)
2 koR \RE K2R? 7 By’

and from Eq. (31) the threshold value of E,, By, ,

b(uori, )Bo,=<z>“2[( o = =

‘ RE K(,ER2 n
(22 S BER%*n-n, \"! ¥R
X - —_— —_—S
[1+KOR <R£ CRE 7 > Bos ] (39)

The critical frequency w, obtained from Eq. (37),
-is

S @BR:7-n.\"1
b1=6(jJ,_—LL+)Bo‘ [ ( R_g.ﬁ‘g'? n ns) +2]

1/2 2 p2 = -1
x[1+(—2—)/ —L<iﬁ R 2=t > 2R } . (40)
2  KoR\ Rt kgR® n By,
If we neglect the ¢ terms, the threshold values
for z2 E.B,,, and w, are similar to those of
Hurwitz, except that our solutions are in terms
of 7—-n,. The terms involving (7 - n,)/% and S/RE
become small when (n,/%) <1 and (S/R{)>1, In
order to determine the magnitude of & -dependent
terms in Eqs. (38), (39), and (40), we estimate
koR and BeR. From Eq. (24) if (S/£R)>1 then J;
(koR) =0, i.e., (kpR)*~8. From Eq. (7)if p.>p,,
(BoR)?~(es/u.kT.). We thus have the & - dependent
term as '

(8u.kT./es) (BR/By,) .

If By, is small and R large, this term can be about
0.1, Thus, the ®-dependent term may affect the
results by 10%. In its absolute magnitude, this
effect cannot be detected because we can never
switch off the self-induced magnetic field. We
note that the ®-dependent term increases the crit-
ical field necessary for the onset of instability.
This is in accord with Glicksman’s® theory, since
the self-induced magnetic field increases the den-
sity gradient, thus, increasing the forces which
oppose the instability. Glicksman has shown that
a decreased density gradient did reduce the thres-
hold for instability.

We observe, that the ®-dependent terms are
size dependent. This is understandable; for a
larger R leads to a stronger self-induced field:
Thus, the influence of the self-induced field can
be measured from the size dependence of Z, and
b and b, .

Another possibility for the measurement of the
influence of the ®#-dependent term exists.

The number density of electrons and holes in
the material can be modified by illuminating the
sample with appropriate radiation. If the attenu-
ation length of the radiation is large compared
with the dimensions of the sample, the plasma
density may be increased uniformly in the sam-
ple. A higher density of charged carriers affects
only the #-dependent term. Thus, if the carrier
density is increased by afactor of 2, the ¢ - depen-
dent term alone will increase by a factor of 2.
One may thus be able to measure the influence of
the self-induced magnetic field on the stability of
the plasma.

Thus, it is possible to check the predictions of
the present theory with experiments suggested
above. Recent results'!’'!2 cannot be used to sep-
arate the effects of the self-induced field.
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The photoconductive response of some semiconductors to monoenergetic excitation shows
structure which is associated with the emission of optical phonons. A model for oscillatory
photoconductivity based on the Boltzmann equation has been suggested and partly investigated
by Stocker and Kaplan (SK). An exact solution of the SK Boltzmann equation is presented in
this paper. A model valid for small electric fields is derived from the exact solution which
retains the main features of the SK model in a form particularly amenable to calculation.
The properties of the small-field model are illustrated by two series of calculations. In the
first series of calculations, the composition of a dip in the photoresponse caused by the
proximity of an optical phonon emission threshold to the electron injection energy is analyzed.
The shape and “intensity’”” of a dip depend on the relative values of the recombination life-
time, the strength of acoustical and optical phonon scattering, and the electric field. A
second series of calculations was designed to show how the periodic repetition of dips in the
photoresponse as a function of electron injection energy can be inhibited or destroyed by
competition from other optical phonons.

1. INTRODUCTION The theoretical development of the SK model as

The photoconductive response of certain semi- described in the original paper? is inadequate in
conductors exhibits periodic dips as a function of several respects. First, the calculations are based
the monoenergetic exciting radiation. These “os- on an expansion in spherical harmonics of the
cillations” were first observed in the extrinsic Boltzmann distribution function in which only the
photoconductivity of the InSb: Cu system® and have first two terms are retained. This truncation ap-
since been seen in many systems.? More recent - proximation is arbitrary and the resulting equations
observations of the extrinsic photoconductivity of are complicated. A solution was found only for a
Si have revealed dips which are repeated no more limited region and special circumstances. Second,
than once, if at all.® In all cases, the dips are the calculations do not consider more than one type
thought to arise from the onset of optical phonon of optical phonon process. The experimental re-
emission. sults for Si, which has three distinct optical phonon

The phenomenon has been treated theoretically processes operative,® suggest that there is a com-
in terms of a model based on the Boltzmann equa- petition between the various optical phonon emis-
tion.? The main innovation of the Stocker-Kaplan sion processes that tends to prevent the periodic
(SK) model as compared with similar models for repetition of the dips. Even accepting the trunca-
electron transport® is the explicit inclusion of an tion approximation, it is not clear that the original
electron generation term. It is this property of the treatment can be extended to include more than one
SK model which suggested a scheme leading to an type of phonon process.

exact solution. It is the purpose of this paper to present an exact



